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Abstract

We propos anew scalar risk measure tha broadensthe “ spread-to-shift” ratio of the codficient
of variation (CV) to insurance loss distributionscharacterized by subgantial skewness and/or
heavy tails. Theextendal codficient of variation (ECV), acogne-based measure, is derived by
maximizing the marginad Shannoninformation assodated with the Fourier trandorm of aloss
distribution’s probability dengty fundion. TheECV is paticularly appropriate for portfolios of
skewed and/or heavy-tailed insurance losses because it possesses a closed-form expression for
members of the Lévy-stable family of distributions to which all portfoliosof i.i.d. individud
losses mug convege
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1. Introduction

Numerousscaar (i.e., onedimensond) measures of “risk” have been proposd for the
evauaion of insurance losses. Thesmplest and mos commonly used measures are the standard
deviation (SD) and variance, which contain equivaent information because thelatter isjud the
squae of theformer. A more sophisticated measure is the codficient of variation (CV), which
nomalizes the SD by dividingit by the corresponding mean. This “spread-to-shift”[?] ratiois
particularly useful in comparing therisks assodated with individud losses with widdy different
meansor portfolios of losses with widdy different numbers of exposures.

A major shortcoming of the CV istha it does notaccountfor subdantial skewness and/or

heavy tails assodated with therelevant loss distribution. In fact, the CV’s numerator failsto be

defined for heavy-tailed losses;[*] for example, if X ~ Pareto-Lomax(!,") (i.e,

f (X)=1""/(x+")™, x1 (0,")),[Y] then the SD (and therefore the CV) does notexist for
I'" 2. Asaconquence, actuaies often turn to any of anumber of skewness- and tail-sendtive
risk measures, induding: (i) valueat risk (VaR), (ii) tail valueat risk, (iii) excesstail valueat
risk, (iv) expected policyholder deficit, and (v) default value As shown by Powers (2007) each

of these measures can beviewed as a specia case of the expression

E, baX+bu[ X]|X > cv] X]go0r{ X > dw[ X]} , (1)

[?] Throughout the article, we use the terms “ spread” and “shift” somewhat informally. The former term indicates a
measure of aloss' unnormalized variation based upon a penalty function that is symmetric about some specific
point, and the latter term indicates a measure of aloss' likely position in its sample space.

[*] By “heavy-tailed,” we mean that aloss does not possess a finite variance.

[*] Pareto-Lomax distributions are also sometimes called “Pareto (11)” in the research literature.



where a, b, ¢, and d are congantsand u[ X], v[X], and w[ X] are either meansor percentiles

of thedistribution of X .[7]

Unfortunaely, expression (1) isnotwell defined if X issufficiently heavy-tailed that it
does not possess a finite mean (for example, if X ~ Pareto-Lomax (/,") with / " 1).
Consequently, the only commonly used risk measure tha worksin the case of a badly behaved
mean isthe purely percentile-based VaR, given by F;*(1! ") (for any sdlected tail probability

!I'). Theinsengtivity of VaR to pathologies of the mean undoubédly explains some of this risk
measure’ s popukrity in theinsurance and finance literatures. However, knowing VaR for only
one(or even afew) fixed tail probabilities ! leaves much to bedesired in terms of
characterizing the overall risk assodated with therandomvariable X . Percentiles can tell us
much aboutonetail of thedistribution, butlittle or nothing aboutthe center or other tail.

In the present work, we propose a new scalar risk measure — the extended codficient of
variation (ECV) —tha broadensthe concept of aCV to insurance losses characterized by
subgantial skewness and/or heavy tails. Thenew risk measure is derived from a cosne-based
andysistha involves maximizing the margind Shannoninformation assodated with the Fourer
trandorm of thedistribution’s probability dengty fundion (PDF). This approach is paticularly
appropriate for portfolios of skewed and/or heavy-tailed insurance losses because the ECV

possesses a closed-form expression for members of the L évy-stable family of distribuions[?] to

[*] Specifically, for risk measure (i), weset a=c=d =0, b=1,and u[X] = F,*(1! ") for some tail probability
I;for (i), a=c=1,b=d=0,and v[X] = F,*(1! ");for (i), a=c=1, b=d=0,and v[X] = E [X]; for
(iv), a=1, b=1 (Net Worth)/E, [X], ¢ =(Ne Worth)/E, [X], d =0, and u[x] = v[X] = E [X]; and for
(v), a=1, b =—(Ne Worth + Net Incomre)/E, [ X], ¢ = d = (Net Worth + Net Incone)/E, [ X], and

u[x] =v[X]=w[X] = E[X].

[°] Lévy-stable distributions are also sometimes called “stable”, “stable Paretian,” or “Pareto-Lévy” in the research

literature. They have been proposed as the most appropriate model for asset returns by Mandelbrot (1963) and
others.



which all portfoliosofi.i.d. individud losses mug convege TheECV smplifiesto a condant

multiple of the CV for members of the Gaussian (normal) family.

2. Spread and Shift
In developing anovd risk measure, onemus bevery clear aboutwha it should capture.

For acontinuouslossrandomvariable X with finite variance, the CV iswritten formally as

CV:(

1

E X! uf@f
: @)

u
where the numerator represents the spread (i.e., a symmetric measure of theloss' variation—the
SD —in thesame units as the origind randomvariable) and the denomnator represents the shift
(i.e., ameasure of theloss' likely postion—the mean — also in the same units). Oneinteresting
observation aboutthisratio is tha the shift in thedenomnaor serves as the central point of
symmetry for the spread in the numerator. More rigoroudy, onecan say tha, amongall possible

choices m for thepoint of symmetry in the numerator, the denominaor minimizes the value of

theresulting spread; tha is,
& 2 Ao ¥
u:arglnf)(Ex&OX# m| 8) -. (3)
mt " ii_ *

Taken togeher, equaions(2) and (3) immediately suggest thefollowing generalized

codfficient of variation (GCV):

o, - o (& jallxt m g "

m

where

m, = agint{g" (€, 8g(x # )]}



for any fundion g(!) tha isincreasingin aneéghboihood to theright of O.
Onesimple specia case of (4), which itself indudesthe CV as a special case, is based

uponthe power fundion, g(y) =y®, for p! [0," ). Thisfamily offersthe potential of

addressing heavy-tailed randomvariables because E, QX ! mp‘pz exists aslongasthetails of

therelevant PDF diminish faster than 1/|x”"* (e.g., if X ~ Pareto-Lomax(/ > p,")). However,

no single power-based measure,

1
E"X!m"@”
cvpz( 8 _ p‘ ,

p

whee
& o\ ¥
m, = arglnf)(EX g # m 8)”- :
m!" ﬁ_ *
can be applied ussfully to al randomvariables X because: (1) theeexistsno p! (0," ) such

1
that (EXQX! mp‘p?p <( foral X (ascan beseen by letting X ~ Pareto-Lomex(/ " p,#) for

1
any fixed p); and(2) Ipi!rrg(Ex %}x " mp‘p‘(%p = geometric mean of |[X! modd" 0 for all

continuous X .

3. The Extended Codficient of Variation (ECV)
A smple alternative to the power fundionistheinverted (negative) cosnefundion,

g(y)=! cos("y), for / " [0,#). Thisfamily isattractive both because

E,# cos(” (X! m))¥<" foral randomvariables X and frequencies ! >0, and because the



cognefundion provides the symmetric bases of the Fourier approximation to the PDF in much
the same way as the power fundion with even integer exponents provides the symmetric bases of
the Taylor approximation. We therefore definethe extended codficient of variation (ECV) as

1 ... . " 1 . "

~cos 1( E, % cos(/ (X" m ))@ Jcos l(EX foos(! (X" m, ))ﬁ

ECV =- = ;
| m, m,

where

m = arg"i#nfl,icos“(EX wos(! (X$ m))() .

+!
To implement the new risk measure, we mug chocse afixed frequency, ! , at which to

calculateit, just as afixed exponent (e.g., p=2) mus be selected for CV, . For any condant

valueof ! , agreater spread of theloss distributionwill cause more of thedistribution’s
probability to lie outsdethecentral “cup” of the cosne-based pendty fundion. Therefore, it
seems intuitively desirable to make ! inversely related to the spread of thedistribution.

To formalize this process, we prove Theorem 1 bdow. Thisresult requires congderation

of two PDFs of / onthe%mplespa:e[o,! ): (1) thenoninformative (and therefore imprope)
prior, / (") =K, where K isan arbitrary postive congant, and (2) the nomalized Fourier

tranorm, / (") (or normalized characteristic fundion, /(" )=#,(")),

$
L) =l (O gt O =& () g () .
Theorem 1: Thefrequency !~ tha minimizes the margind Kullback-Leibler divergence (KLD)

of / (") from /(") aso maximizes themargind Shannoninformation assodated with

(-



Proof. TheKLD of !/ (") from /(") isgiven by $§In(!x(” )/K)! (" )d" . Theefore, the

individud frequency ! * tha provides the smallest margind contribution to the KLD is given by

et () :
! —ar!gulonflln% <) # (! )6

A0 A

= arginf’ In(

o1 (ko (1) dtt o (1) o

1
]
2
5

= argaup{#inf[s, (1 )96, )7},
where K isset equd to ]/;':é|!x(t)|2dt in thelast step. !

In effect, thetheorem shows tha if we select theindividud frequency ! * to maximize
thelikelihoodof providing a“uniform-like” filtering of the PDF over thefrequency domain (and
thusattempting to give equd a priori congderationto all valuesof ! ), then we also select the
individud ! * tha ismog likely to provide useful information aboutthe PDF throughits
tranformation to thefrequency domein. Aswill be seen in the next section, thisvalueof / ~
judifiesour origind intuition by beng inversely propottiond to the spread of the distribution.

Taking ! * to maximize themarginad Shannoninformation, the ECV is given by the

following theorem.

Theorem 2: If I~ :args,lp{#ln(|$x(! )|2)‘ﬂ($x (1 )|2} , then
"o




Proof. Wefirst congder thedenomnaor, which equds

Xmgland

m,. —arglnf{(l/l )cos‘“(E éoos( X$m))} Since

cos*(") isadecreasing fundionontheinterval [! 1,1], it followstha m,. must begiven by the
valueof m tha maximizes E, g:os(! (x m))"é Setting therelevant first derivative equd to 0
thenimpliesthat m . isthevalueof m for which E, gin ( (x" m))éo:O

Now consder the numerator, which equds (]/' *)cos"l(Ex fsfcos(! (X m,))? where
I :arg%lp{#ln(|$x (1 )|2)°)($X (1 )|2} Taking the appropriate first derivative of

in(|”  (#)7)4" < (#) and settingit equd to O then yields

()=

) = el

L E, Spxo(” i#7X)8E, Soxp(i# X) 8= exp(" 1)

L Ede(ni (X m, )86, Sexm(i (X m, )&= exp(" 1)
[Ecgeod form ) +[Eggnl (s ) =eoter)

o (x#m. 8= eofe T

which implies

1 : , Lx*
!—*cosl(Exgcs( (X m,. Q —cos zexpz St !



4. Propertiesof the ECV

To explore variouspropeaties of ECV . in greater detail, we derive andytical expressions

for thisrisk measure for the L évy-stable family, which is appropriate for modding thetotal
losses from alarge portfolio, and can be used to capture the effects of both skewness and heavy
tails.

4.1. ThelLévy-Stable Family
TheLévy-stable(/ , ", #,$) distribuiionis defined onthesample space (! " ," ). Given
tha its PDF can be expressed andytically in only afew cases (e.g., the Gaussian and Cauchy

families), thegened distributonisusudly described by its characteristic fundion,

Fople vs1r

n "

1#%)%; .

Since there are many possible paameterizationsof the L évy-stable distribution, we note that the

I (") =expl#$” " sgn(” )tan) %(—j 1# $7%
X 775,

selected parameterizationis equivalentto S(/ , ", #,$;0) asdefined in Nolan (2008) where:
! " (0,2] isthetail parameter (with smaller valuesof ! implying heavier tails, and / =2
in the Gaussian case);
! " [#1,1] isthe skewness parameter (with negative [postive] valuesimplying negative
[postive] skewness, and ! =0 inthe Gaussian case);
e (0,#) isthedispersion paameter (which is propottiond to the standard deviationin the
Gaussian case—i.e, ! =SD,[X]/v2); and
I (#$,$) isthelocation paameter (which equdsthemedianif / =0, andalso equdsthe

meanif / " (1,2] and ! =0, asin the Gaussian case).



The L évy-stable family comprises the set of al asymptotic distributionsarising from the
genedized central limit theorem. Jud as sums of i.i.d. randomvariables with finite variances
tend to the Gaussian distribution as the number of summandsinareases to infinity, sums of i.i.d.
randomvariables with heavy tails tend to other members of thegeneral family. Specifically, if
thetails of arandomvariable's PDF diminish as 1/|"" (eg., if X ~ Pareto-Lomax(! = p,")),
then sums of thisrandomvariable mug tend to a Lévy-stable distributionwith / = p. For these
reasons the Lévy-stable family is suitable for modeling total losses from a largeinsurance
portfolio, regardless of how heavy-tailed theindividud loss amounts are.

Thefollowing corollary to Theorem 2 provides theandytical form for theECV in the
Lévy-stable case.

Corollary 1: If X ~Lévy-stable(/ ,",#$), then

0,
"%/2 cos™ -(g/:)expg% ;%(c
if#.1

m

@)

<

1]
NRRPRRROH R R ™

Proof: From Theorem 2, we knowthat the numerator of ECV . isgiven by

(J/! *)cos"l(exp(" ]/2)). To solvefor ! *, consder thefirst-order condition for this quantity

from the proof of Theorem 2:

()= s [ ) = o).

For theLévy-stable family,
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() =l () ='lexp($%e‘" *\&)f =exp($20/<‘§“” \)
fromwhich it follows tha

1

exp(! 1)=exp(! 2"#‘$*‘#) % $ = 2

(because ! " " [0,#))

Now consder thedenominaor of ECV_,* , which isthevaueof m for which

E @( (x" m)éozo Writing E, @( (x" m))éasthelmaglnarypartof’ (#)

we see tha

(1 7187 Jsing(oa m, Js"+ 7|8 @sanls)ean{arF{ur - 7ls ) =0,

for I " 1, fromwhich it followstha
m.=" +#$m‘%sgn(’ *)tanl $§*(1- #‘1'$" *‘1-$)
r S ) 2 . ! .

Subdituting 1// {2 for ! * thenyields

*' 9 *
m. = +#$tan2%§ z% 1 for! "1
' ¥

and

m . ="+#$M for! =1,

%

where thelatter expressionisfoundby taking the appropriate limits. !

-11-



4.2. Analytical Quantities
Table 1 summarizesthe ECV and variousassodated andytical quantities for both the
genera Lévy-stable family and the Gaussian and Cauchy sub-families. Fromthistable, onecan

make several immediate obervations

(1) Theinformation-based frequency, ! *, isinversely related to the spread of therelevant PDF
— specificaly, adecreasing fundion of both dispersion (/ ) and tail heaviness (1// ).

(2) Thesnift, m ., isaninaeasing fundion of both location (/ ) and skewness (! ); and also
an increasing [decreasing] fundion of both disperson (! ) andtail heaviness (1/! ) when
! ispostive [negdive).

(3) TheECV isadecreasing fundion of both location (/ ) and skewness (/ ); adecreasing
[increasing] fundion of dispersion (! ) when ! isnegaive [postive]; and adecreasing
[increasing] fundion of tail heaviness (1/! ) for sufficiently small [large] valuesof / .

(4) TheECV issmply acongant multiple of the CV in the Gaussian case (which isthe only

member of the L évy-stable family for which the CV iswell defined).

-12-



Table1l. Analytical Quantitiesfor the Lévy-Stable Family

Distribution I m. ECV!‘
Gaussian
(1 =2,"=0, Y 7 0.910¥ /u
1= N2 #= u)
Cauchy .
(' =1"-0#3) | Y% ! 1.8382 /
2 cos’ (exp(#]/Z)) ——
Lévy-Stable ]//;/5 1+ "#tan($992) (\/—/2)&1} if$+1| $+9% tan("&/2); (\/_/2)#1}
('l ’"v#v$) . I+ #[2In(2)/$] if %=1 J2 cos’ (exp(#]_/z)) T
$+ 9% [2In(2)/4] B

Theexplicit dependence of m . onskewness — noted directly initem (2) andindirectly in

item (3) —reveals tha the proposd shift is clearly quditatively different from themean, whichis

smply alocation paameter. In the case of the CV, setting the shift equd to themean is

sufficient because the assodated spread — tha is, the SD —is unéfected by skewness. In thecase

of theECV, however, skewness effects are embodied in the spread, and therefore a'so mug be

incorporated into the shift.

To illugrate the behavior of the ECV asafundion of tail heaviness (1/! ), wefix the

paameters ! =10 and / =0.782€ (to agree with the sum of a portfolio of 10i.i.d. individud

losseswith E, [X]=1.0 and SD, [ X] = 0.35 in the asymptotic Gaussian case), and plot ECV..

versus ! forthree distinct valuesof ! (i.e, 0,0.5, and1.0)["] in Figure 1.

["] We consider only nonnegative values of the skewness parameter because insurance losses are rarely (if ever)

negatively skewed.

-13-




Fig. 1. Lévy-Stable Losses: Impact of Skewness and Heavy Tails
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Congstent with item (3) above thisfigure shows tha: for any fixed valueof ! , the ECV
increases as thedistribution’s tails become heavier (because ! issufficiently large); and for any
fixed valueof ! , theECV decreases as skewness becomes more postive. Thus for
distributionswithin the L évy-stable family, the spread-to-shift risk measure of the ECV derts

actuariesto both increased spread from heavy tails and decreased shift from less-postive

-14-



skewness. Whilethelatter propaty may seem somewha coungrintuitive — after all, less-
postive skewnessin lossesis generally thoughtof as a goodthing (in the same way tha more-
postive skewnessin finanda gansisthoughtof as agoodthing)—itisinfact entirely
appropriate. Jug astheconventiond CV incareases to reflect a declinein expected losses
(another goodthing), so the ECV mud increase to capture the effects of both declining losses

and declining skewness.[®]

5. Conclusions

In the present study, we have foundtha the cosne-based ECV provides a ussful spread-
to-shift risk measure for insurance losses characterized by subgantial skewness and/or heavy
tails.

Thefirst step in condructingthe ECV isto select an appropriate cogne frequency,
I >0, which isaccomplished by maximizing themargind Shannoninformation assodated with
the Fourier trandorm of thelossrandomvariable’ sPDF. In applying this techniqueto the L évy-
stable family, we foundtha the optimal valueof ! increases astheloss distributon becomes
more spread out(i.e., from increased dispersion and/or heavier tails). We aso observed that the
ECV increases as thedistribution’s tails become heavier (for sufficiently largevaluesof ! ), and
decreases as its skewness becomes more postive; thus the new risk measure accounts for
increasesin aloss' skewnessin much the same way asit accounsforincreasesin aloss
location. Findly, we noted that the ECV simplifies to a congant multiple of the CV for the

Gaussian family.

[®] Interestingly, this seemingly paradoxical property does not arise when extending the risk/return ratio (given by
the inverse of the CV) to skewed asset returns. (See Powers and Powers, 2009.)
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In future research, we plan to investigate the L évy-stable family more closely as amodéd
of total losses from largeinsurance portfolios and to devel op efficient techniques for estimating

itsfour distinat parameters.
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